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Abstract Numerical investigations have been carried out on bed load sediment transport in a river with
uniform steady flow. The Lagrangian method is applied to develop the numerical model. The numerical
method is a modified and improved version of the latest introduced Smoothed Particle Hydrodynamic
scheme for incompressible fluid, which was named I-SPH. The model is applied to calculate the bed load
sediment transportation rate, as well as the moving pattern, of granular and non-cohesive sediments
located on the bed of a river. The presented numerical scheme, which is improved to be applicable for
Multi-Phase fluids, is namedMPM-I-SPH. It is concluded that the developedmodel is reliable for prediction
of the moving pattern of sediments, including velocity and location, near to the bed.
© 2013 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
Sediment transportation in hydrodynamics is of great indus-
trial and environmental importance, but it is difficult to simu-
late because of its complex boundary conditions and random
movements. Bed load sediment measurements in rivers are re-
quired to assess sediment load for the design of structures such
as bridges, pipelines, river dredging, reservoir silting problems,
and assessment of aquatic habitat. Knowledge of bed material
transport is essential for understanding river morphology and
channel change. This depends on the pattern of sediment trans-
fer along the river and local erosion and deposition. Applica-
tion of numerical methods for simulation and prediction of bed
load sediment transport is an ongoing topic.Most investigations
have focused on experimentalmodels to predict sedimentmass
flux and its relation to the river flow, which is assumed steady
and uniform [1].
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http://dx.doi.org/10.1016/j.scient.2012.12.027Numerical methods are also applied by many researchers
to investigate the transportation rate of the sediment. Applica-
tions of numerical models were reported as early as the 1970s
[2]. These models have been used to calculate long term sed-
iment deposition and erosion for fluvial river channels. In the
past fewdecades, 2D and 3Dmathematicalmodels for sediment
transportation have been developed to predict river regimes
and riverbed deformation due to engineering projects [3,4].
The numerical models assume either an equilibrium or non-
equilibrium state of sediment transport.
The models were mainly developed based on the Eulerian
system, and the rate of the sediment transport is investigated
and verifiedwith available experimental or fieldmeasured data.
Because of the behavior of the non-cohesive grain sediment,
numerical models, developed using Lagrangian models, may be
more reliable.
The Smoothed Particle Hydrodynamic (SPH) method has re-
cently been applied to some hydraulic problems [5], and simu-
lation of the gravity current going down an inclined bed ramp
[6]. The method was also successfully applied for simulation
of any sort of geophysical mass failure in dam reservoirs and
the response of the water surface in a reservoir to the im-
pulse of landslide. The generation and propagation of impulsive
waves caused by landslide were simulated and the numerical
results were verified with corresponding available laboratory
data. Good reliability was achieved [7].
evier B.V. Open access under CC BY-NC-ND license.
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late the effect of steady flow in a river on non-cohesive granular
bed sediment is especially investigated. The impact of change
in the properties of particles on the simulation process in fluid
flow in the M-I-SPH method [8] has also been studied. A nu-
merical model is developed by improving the latest issued SPH
method [7] tomake it capable ofmodeling sediment transporta-
tion under the effect of bed shear stress in a steady flow river.
The numerical results are compared with available laboratory
data and the differences are discussed.
2. Mathematical formulation
The governing equations of mass and momentum conserva-
tion are presented in the following:
1
ρf
dρf
dt
= −∇⇀u f , (1)
d
⇀
u f
dt
= − 1
ρf
∇P+ ⇀g , (2)
where ρf [ML−3] is the density, ⇀u f [LT−1] is the velocity vector,
P[MT−2L−1] is the pressure and g⃗ is the gravitational accelera-
tion. For definition of flow particle velocities at different depths
of water, the following formula are applied:
u
u∗
= 2.5Lnu∗y
υ
+ 5.5, (3)
u
u∗
= 2.5Ln y
ks
+ 8.5, (4)
where u is the flow velocity and depth y of the water, u∗ is the
shear velocity and ks is the bed roughness characteristic length,
which is assumed as d50 of bed sediment. The motion of fluid
particles in the Lagrangian approach is described by solving
the complex differential equations, along with the calculated
particle position, linear velocity and angular velocity of parti-
cles. However, the general equation of particle motion, based
on Newton’s second law, is defined as follows:
ms
d
⇀
u s
dt
=

F⃗i, (5)
wherems is the mass of sediment particles,
⇀
u s[LT−1] is the ve-
locity vector of sediment particles and F⃗i[MLT−2] represents the
forces on sediment particles. The forces between the sediment
particles located at the bed of the river are considered drag and
added mass forces. Constant drag force, affecting the motion of
sediment particles in the uniform pressure field, is defined as:
FD = 12ρf CDA|uf − us|(uf − us), (6)
where CD is the drag coefficient, uf and us are the velocity of
flow and sediment particles, respectively, and A is The surface
area of the particle perpendicular to the velocity vector.
3. Numerical modeling
In Lagrangian formulations, the convection terms are cal-
culated by the motion without any numerical diffusion. The
first idea in this way was proposed by [5]. Two different ap-
proaches can be used to extend the SPH method to nearly in-
compressible or compressible flow. In the first approach, realfluids are treated as compressible fluids. This artificial com-
pressibility can cause problems with wave reflection at bound-
aries. On the other hand, because of explicit computation to
estimate the pressure of particles, this approach leads to lower
computational costs and, also, it has proved to be an effective
method in tracking free surface problems. The second approach
works directly with the constraint of constant density, and em-
ploys strict incompressibility conditions for fluid. Unlike com-
pressible SPH, in the Incompressible SPH method (I-SPH) the
pressure is directly obtained by solving a Poisson equation of
pressure that satisfies incompressibility. Shao and Lo [6] used
the I-SPH method for simulating Newtonian flow with a free
surface. This method was tested by a typical two-dimensional
(2D) dambreak problem. The computationswere in good agree-
ment with available experimental data. The impact of a single
wave generated by a dam break with a tall structure was mod-
eled with a 3D version of the smoothed particle hydrodynamics
method by Go’mez–Gesteira and Dalrymple [9]. Based on inte-
gral interpolation, an assumed function such as f can be approx-
imated by:
A(ra) =

b
mb
Ab
ρb
W (|ra − rb|, h), (7)
where a is the reference particle and b is its neighboring parti-
cle. mb[M] and ρb[LT−3] are mass and density, respectively,W
is interpolation kernel, h[L] is the smoothing length which de-
termines the width of the kernel and, ultimately, the resolution
of the method. Thus, by summing over the particles the fluid
density at particle a is evaluated according to:
ρa =

b
mbW (|ra − rb|, h). (8)
Kernel (weight) functions that directly affect the results of the
SPH method should have specific properties, such as positivity,
compact support, normalization, monotonically decreasing and
delta functionbehavior.Manydifferent kernel functions satisfy-
ing the required conditions have been proposed by researchers.
In this work, the use of kernel functions is to grade 3, suggested
by Monaghan et al. [5], which is expressed as:
W (r, h) = 10
7πh2

1− 3
2
q2 + 3
4
q3

q < 1
W (r, h) = 10
28πh2
(2− q)3 1 < q < 2
W (r, h) = 0 q > 2
(9)
where h[L] is the smoothing length, r[L] is the distance between
particles and q = r/h. The smoothing length in the SPHmethod
is indeed the expression of the area around a central particle
that interacts with particles in this region. In other words, we
can say that the effecting area of a particle is the particle and
the center circle with a radius of 2 h. In this research, h = 1.2l0
are used, where l0 is initial particle spacing.
For boundary conditions, solid walls are simulated by parti-
cles where the Poisson equation of pressure is solved. This bal-
ances the pressure of inner fluid particles and prevents them
from accumulating in the vicinity of the solid boundary. Also,
several lines of dummy particles are placed outside the walls,
according to the initial configuration, to keep the fluid parti-
cle density near the walls equal to inner fluid particles. The ho-
mogeneous Neumann boundary conditions are enforced when
solving the equation of pressure [10]. The pressure of a dummy
particle is set to that of a wall particle in the normal direction
of the solid walls.
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At the free surface, since there are no particles in its outer
region, the particle density decreases on this boundary. A
particle which satisfies the following equation is considered to
be on the free surface, β being the free surface parameter:
ρ∗ < βρ0, (10)
where ρ∗ and ρ0 are particle density in the prediction step, and
initial constant density, respectively, and 0.8 < β < 0.99. In
this paper, β = 0.95 is used. In the conventional I-SPHmethod,
after recognizing the particles on the free surface, zero pressure
is assigned to them. Since particle density on the free surface
decreases discontinuously, spurious pressure gradientsmay oc-
curs. To avoid this problem, special treatment should be con-
sidered when computing the gradient operator for free surface
particles. It is assumed that s is a surface particlewith zero pres-
sure and i is an inner fluid particle with pressure Pi. In order to
calculate the pressure gradient between these two particles, a
mirror particle, m, with pressure Pi, should be placed in the di-
rect mirror position of inner particle i, through the surface par-
ticle, s (see Figure 1). In this way, the zero pressure condition on
the free surface is satisfied.
To consider the particles with different mass and density
within the fluid Parameter defined as c , the first value of this
parameter is set and, then, themass and density of the particles
are defined as follows.
ms = c∗mf , (11)
ρs = c∗ρf , (12)
where ρf and ρs are density of fluid and particle, respectively
and mf and ms are mass of fluid and particle. The general steps
of themodifiedmulti phase incompressible SPHmethod (MPM-
I-SPH) in simulating sediment transportation are described.
Firstly, the initial conditions and geometry of the river shall be
defined. Then, sediment particles in the mass and density ma-
trix are defined. Determination of the velocity of fluid particles
for a specified discharge of flow is the next step of numerical
modeling. For each time step, the forces between the particles
are computed and applied to find temporary particle positions
and velocities.
Incompressibility is generally not satisfied in this step, and
the fluid density that is calculated based on the temporary
particle positions, may be different from constant density. So,
the correction step should be done. In this step, the pressure
term, obtained from the mass conservation, is used to enforce
incompressibility in the calculation [6]. Computing newparticle
velocities is the next step during the simulation, and the final
step is to calculate the new position of the particles at a defined
time step.Figure 2: Particles in numerical model considered for bed (three lower rows)
and for granular sediment (15 adjacent particles).
Figure 3: Comparison between numerical and experimental data for bed load
sediment moving pattern.
Table 1: Numerical results of bed load sediment transportation rate at
various time stages for a sample case.
No. Time stage t(s) No. of passed
particles ns
Bed load transport
rate qb (kg/s/m)
1 0.3 2.0 0.35
2 0.4 2.5 0.33
3 0.5 3.3 0.34
4 0.6 4.0 0.35
5 0.7 4.5 0.33
4. Results and discussions
A numerical model is applied to simulate the transportation
of grain sediment located on the bed of a river with steady
flow. The model is applied to several problems with available
laboratory data and the results are compared. The comparison
is made firstly for a moving pattern of granular sediment on a
bed. The available laboratory data reported by Diplas et al. [11]
is applied to verify the numerical model. They measured the
moving path of granular sediment with 1.9 mmmean diameter
in a flume with a 0.001 longitudinal slope. They recorded the
location of the sediment several times after passing the flow in
a steady state regime in the flume, using the image processing
technique. The same condition is simulated using a numerical
model, which was introduced in this research, and the results
are compared. As illustrated in Figure 2, fifteen particles are
modeled and adjusted to each other on the bed.
All hydraulic conditions at the boundaries are adjusted, simi-
lar to the experimental set-up. In the numericalmodel, the loca-
tion of all sediment particles is recorded during simulation. The
results are illustrated for particles 1, 5, 10, and 15 in Figure 3.
The corresponding data in the Diplas et al. experimental re-
port [11] are also drawn in this figure. The numerical results
are indicated as the numerical method (MPM-I-SPH) for four
particles. As seen in Figure 3, good agreement is achieved be-
tween numerical and experimental results. The similarity can
be seen for all particles, from the beginning of the fifteenth par-
ticle row to the end. The maximum deviation from laboratory
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modeling. Verification of the developed numericalmodel is also
done for the transportation rate of the bed load sediment. The
bed load transportation rate is calculated, similar to the experi-
mentalmethod. In this case, themean diameter of the sediment
is assumed to be from 4.94 to 28.6 mm. The mass flow rate in
the flume is selected as 160 kg/s/m. The longitudinal slope of
the flume is assumed to be in a range from 0.005 to 0.01 and
the sediment density is equal to 2.65. The measurement proce-
dure of the bed load discharge is as follows: a specified section
perpendicular to the flow direction is considered. The passed
particles from this section during a specified time period arecalculated. The bed load sediment flow rate is calculated using
this equation:
qb = nsms/1t, (13)
where qb is the bed load sedimentmass flow rate (kg/s/m), ns is
the number of particles passed from the specified section,ms is
themass of sediment grains, and∆t is the specified time period,
in which, the sediment particles passed from the section.
The value ofms is calculated as:
ms = π l
2
0
4
ρs, (14)
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in each figure.where l0 is the sediment mean diameter (m) and ρs is its special
gravity (kg/m3). The sediment density is assumed to be 2.65,
and the special gravity of water is assumed to be 1000 kg/m3.
Figure 4 shows the numerical results of sediment transport
modeling various time stages in a sample case, with D50 =
5.05 mm and the bed slope as 0.01. Based on numerical results
and using Eqs. (13) and (14), the bed load sediment transporta-
tion rate at various time stages is calculated. Comparing all cal-
culated transport rates at various time stages shows that the
rate is lightly the same and the rate can be reasonably selected.
Sample calculation results for the sample case explained before
are listed in Table 1, in which, the average bed load sediment
transport is about 0.34 kg/s/m.
The comparison between numerical and experimental re-
sults in various cases is illustrated in Figure 5. The experimental
data were measured by well-known laboratory tests by Meyer-
Peter andMuller [12], which are indicated on the graph by labo-
ratory data. The horizontal axis in this figure is q2/3b /D50, and the
vertical axis is q2/3b . S/D50, where S is the longitudinal bed slope
of the flume. The numerical results in each case are indicated by
MPM-I-SPH on the graph.
As seen in Figure 5, a good agreement is achieved between
numerical and experimental results in a wide range of effective
parameters. The maximum deviation from laboratory data
is about 15%, which is reasonable in numerical modeling of
sediment transport.
Further comparison is made between numerical results
and the well-known empirical equation of Meyer-Peter and
Muller [12], which is indicated as follows:
qb = [2.5q 23 Sf − 42.5D50]1/5, (15)
where qb is the mass sediment transport rate, q is the flow dis-
charge for the unit width of the channel, and D50 is the meandiameter of the grain bed sediment. The ratio of the bed load
sediment transport rate to the flow discharge is calculated for
various sediment grain diameters. The comparison between
numerical results and calculated values from following the
Meyer-Peter and Muller equation [12] is illustrated in Figure 6.
The numerical results are indicated byMPM-I-SPH on the graph
and the sediment diameter for each graph is mentioned on it.
As seen on the figure, the agreement between numerical
and empirical results is good for a lower rate of flow discharge.
The deviation is increased for high rates of flow discharge. The
general agreement, especially for lower rates of flow discharge,
is acceptable, and the error is less than 20%, which can be
reasonable for sediment transport numerical modeling.
5. Conclusions
Numerical investigations have been carried out on bed load
sediment transport in a river with uniform steady flow. The
Lagrangian method is applied to develop the numerical model.
The numerical method is a modified and improved version of
the latest introduced smoothed particle hydrodynamic scheme
for incompressible fluid, which was named I-SPH. The model is
applied to calculate the bed load sediment transportation rate,
as well as the moving pattern, of granular and non-cohesive
sediments located on the bed of the river. The presented
numerical scheme is improved to be applicable to multi-phase
fluids, named MPM-I-SPH. It is concluded that the developed
model is reliable for the prediction of moving patterns of
sediment, including velocity and location, near to the bed.
The numerical model is also applied for various cases, and
the bed load sediment transportation rate is calculated and
compared with available laboratory data. It is concluded that
the maximum deviation is about 15%, which is acceptable in
sediment numerical modeling problems.
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